We study Schur algebras of classical groups over an algebraically closed field of characteristic different from 2. We prove that Schur algebras are generalized Schur algebras (in Donkin's sense) in types A, C, and D, while this does not hold in type B. Consequently Schur algebras of types A, C, and D are integral quasi-hereditary by Donkin [7, 9] . By using the coalgebra approach we put Schur algebras of a fixed classical group into a certain inverse system. We find that the corresponding hyperalgebra is contained in the inverse limit as a subalgebra. Moreover in types A, C, and D, the surjections in the inverse systems are compatible with the integral quasihereditary structure of Schur algebras.
INTRODUCTION
Throughout the article K is an algebraically closed field of characteristic different from 2, G a classical group, and G 0 the corresponding group of similitudes defined over K. Let E be the standard representation of G and G 0 , and E ⊗r (r ≥ 1) the r-fold tensor space on which G and G 0 act diagonally. Doty [10] has defined the corresponding Schur algebra to be the image of the representation map KG −→ End K E ⊗r , which equals that of KG 0 −→ End K E ⊗r . Results in this article generalize those in [20] , where the base field is the complex number field . We will prove results for both classical groups and their similitudes.
The main results are the following. Firstly we compare these Schur algebras to Donkin's generalized Schur algebras [7] , and prove that for both G and G 0 , Schur algebras are generalized Schur algebras in types A, C, and D, see Theorem 3.11, while this does not hold in type B, see Remark 3.12. Consequently by Donkin [7, 9] , Schur algebras of types A, C, and D are integral quasi-hereditary, with respect to the index sets given in Proposition 3.5 and Corollary 3.6 under the usual dominance order. This extends and reproves in a uniform way results of Green [14] in type A and of Donkin [8] in type C.
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Secondly, by using the coalgebra approach, we put Schur algebras of a fixed classical group into a certain inverse system to recover information of the classical group. We find that the corresponding hyperalgebra is contained in the inverse limit as a subalgebra, see Theorem 4.8. This is motivated by earlier results in type A (in quantum case) by Beilinson et al. [1] . Moreover in types A, C, and D, the maps in the inverse systems are compatible with the integral quasi-hereditary structure of Schur algebras, see Proposition 4.10.
The article is organized as follows. Section 2 recalls the coordinate rings and polynomial representations of classical groups and their similitudes. Sections 3 and 4 are devoted to our main results: Section 3 determines when Schur algebras of classical groups are generalized Schur algebras; Section 4 recovers the hyperalgebra from the inverse limit of Schur algebras. Finally, we calculate in Section 5 some examples of Schur algebras.
The results in the article were reported at the International Asialink 
CLASSICAL GROUPS AND THEIR SIMILITUDES
This section recalls the coordinate rings and the polynomial representations of the classical groups and their similitudes. The main references are Green [14] and Doty [10] . All representations, modules, and comodules appearing in the article are finite dimensional.
Notations
For a fixed integer n ≥ 1, the full matrix algebra n K is an n 2 -dimensional affine algebraic variety over K. Following Green [14] , we write c ij n K −→ K for the coordinate function which sends an n × n matrix to its i j th entry (1 ≤ i j ≤ n). The polynomial algebra K c ij , in n 2 variables, is a bialgebra with comultiplication and counit defined on generators by [15, 21] .
LIU

Classical Groups and Their Coordinate Rings
The classical groups of type A m , B m , C m , and D m are, respectively, the special linear group SL m+1 = M ∈ m+1 K det M = 1 , the special orthogonal group
where J is any symmetric invertible matrix and J is any anti-symmetric invertible matrix. By the convention in the previous subsection, n is the size of matrices in the classical group of type X m .
Remark 2.1. Since K is algebraically closed of characteristic not 2, the classical groups SO n and SP n are independent of the choice of the matrices J and J . We take J to be the matrix with 1's on all k k th entries (k = 1 2 n) and zero elsewhere, and J with k on k k th entries (k = 1 2 n) and zero elsewhere. By definition the classical group G is an affine algebraic subvariety of n K . The coordinate ring K G is the restriction of K c ij to G. Namely, it is the quotient of K c ij factoring out the ideal I G generated by the defining relations of G. This is a bialgebra with comultiplication and counit inherited from those of K c ij . Unfortunately I G is not homogenous. But the intersection I G 0 = r≥0 I G ∩ K c ij r is and its homogeneous part I G 0 r = I G ∩ K c ij r is a coideal of K c ij r . Hence the quotient K c ij r /I G 0 r is a coalgebra, denoted by K G 0 r . In type A m , the ideal I SL n is generated by det − 1. In type B m and D m , the ideal I SO n is generated by det
In type C m , the ideal I SP n is generated by 
Groups of Similitudes and Their Coordinate Rings
We denote by G 0 the group of similitudes of a classical group G. The groups of similitudes of type A m , B m , C m , and D m are
respectively, where J and J are defined in Remark 2.1 and K × = K\ 0 .
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For a matrix M = m ij , the condition M tr JM = MJM tr = sJ is equivalent to that s j i = c ij M tr JM = c 1 i j M = 
0 . This is a homogeneous ideal and each homogeneous part
is a graded algebra, and each homogeneous component K G 0 r is a coalgebra. In type A m , the ideal I GL m+1 = 0. In type B m , the ideal I SO 0 2m+1 is generated by c
is generated by c 
Rational Representations
Let H be a group with identity 1 H . Write K H for the K-space of all functions from H to K. The group structure of H gives rise to K-liner maps:
Linear representations of H are identified with modules over the group algebra KH.
Let V be a KH-module with basis 
LIU
Let H and V be as above. Then V is a natural right cf V -comodule via
By Lemma 2.5, V admits a cf V * -module structure as follows: an element f ∈ cf V * acts on V by the composition Proof. Note that the representation map factors through cf V * . More precisely, there exists an algebra map KH −→ cf V * such that = . In fact, for any a ∈ KH and any c ∈ cf V ⊂ F K H , view c as a linear function over KH and a c is defined by the action of c on a. Now it suffices to show the surjectivity of . Equivalently, for any c ∈ cf V , if a c = 0 for all a ∈ KH, then c = 0. But this is clear.
When H is an algebraic group over K, the coordinate ring K H is a subcoalgebra of F K H . A representation V of H is said to be rational if the coefficient space cf V is contained in K H . By Chapter 1 in [14] , rational representations of H are identified with right K H -comodules. In fact the right K H -comodule structure is induced by the right cf V -comodule structure on V . We write M X n for the category of polynomial representations of G 0 , and M X n r the full subcategory of homogeneous ones of degree r. There are equivalences of categories M X n comod K G 0 , and 
r is a direct sum of subcoalgebras, by [13] (1.6c), any polynomial representation is decomposed into a direct sum of homogeneous ones. In particular, indecomposable polynomial representations are homogeneous.
Note that subrepresentations of a homogeneous representation are homogeneous of the same degree, and so are the quotients. Suppose f V −→ V
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is nonzero, where V and V are homogeneous of degree r and r respectively. Then Im f is nonzero of degree both r and r , which implies r = r . Now let V 1 and V 2 be homogeneous representations of degree r 1 and r 2 , respectively (r 1 = r 2 ). Suppose we have a short exact sequence of the form 
SCHUR ALGEBRAS AND GENERALIZED SCHUR ALGEBRAS
The main result in this section is Theorem 3.11 and Remark 3.12. Namely in contrast to type B, Schur algebras of type A, C, and D are generalized Schur algebras associated to the saturated weight sets given in §3.2.
Schur Algebras of Classical Groups
Recall that X m indicates a classical type ( §2.1), G the classical group of type X m , G 0 the corresponding group of similitudes, and n the size of matrices in G and G 0 . Let E be the standard representation of G and G 0 . Namely E is an n-dimensional column vector space over K on which groups G and G 0 act by matrix multiplication. For any integer r ≥ 1, the groups G and G 0 act diagonally on the r-fold tensor space E ⊗r .
Definition 3.1 (Doty [10] ). For any integer r ≥ 1, the Schur algebra of type X m , denoted by S X n r , is defined to be the image of the representation map
For r = 0, we define S X n 0 = K.
Note that the coefficient spaces of E ⊗r over G and G 0 are the coalgebras K G It follows from Lemmas 2.4 and 2.6 directly. In type A m , the coalgebra K GL n r = K c ij r . Hence the Schur algebra S A n r coincides with S K n r defined by Green [14] .
By Lemma 2.5 and Corollary 3.2, the module category mod S X n r is equivalent to the right comodule category comod K G 0 r . The latter is equivalent to M X n r , the category of r-homogeneous polynomial representations of G 0 . Indeed since S X n r is a quotient algebra of KG 0 , any S X n r -module is naturally a representation of G 0 . It is in fact homogeneous of degree r. Conversely any such representation of G 0 arises in this way.
There is a natural equivalence of categories between mod S X n r and M X n r .
A representation U of G 0 is said to be a sub-quotient of another representation V if U is isomorphic to a quotient of some submodule of V . By Lemma 2.7, subquotients of E ⊗r lie in M X n r since E ⊗r does itself. Proof. By definition 3.1, E ⊗r is faithful over the Schur algebra S X n r . Hence S X n r as the regular module is a submodule of the direct sum of several copies of E ⊗r , and so is every projective module. Take any homogeneous polynomial representation V of G 0 of degree r. View it as an S X n r -module. Then the projective cover of V is a submodule of E ⊗r ⊕l for some l ≥ 1. Since V is a quotient of its projective cover, it is a sub-quotient of E ⊗r ⊕l .
Dominant Weights of Schur Algebras
Note that E is a simple Weyl module. By [6] , the tensor product of Weyl modules over an algebraic group has a filtration with sections being Weyl modules.
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Let
X n r and X 0 n r be the sets of highest weights of the Weyl modules occurring in E ⊗r over G and G 0 , respectively. They are independent of the field K as Weyl modules are integrally defined. When K = , Weyl modules are simple and E ⊗r is semisimple. Hence X n r and X 0 n r consist of highest weights of simple direct summands in E ⊗r . By using Littelmann's path model to decompose E ⊗r , the set X n r has been determined in [20] . Roots and dominant weights of an algebraic group can be calculated from its Lie algebra. Refer to [16] or [20] for the calculation of G, which can be carried over to G 0 . Recall that 1 n are the coordinate functions of the Cartan subalgebra of n . Write 0 = 1 + 2 + · · · + n and 0 = i + i , where i = n + 1 − i. Thus in types C m and D m , n = 2m is even and 0 = 1 + n = · · · = m + m+1 , 0 = m 0 . In type B m , n = 2m + 1 is odd and 0
Let us denote by, respectively + X m and + X m the sets of positive roots and dominant weights of G in type X m ; 
In type C m (m ≥ 2):
In type D m (m ≥ 4):
Note that the integers a For n, r, and i in 0 , let + n r = a 1 a 2 a n a 1 ≥ a 2 ≥ · · · ≥ a n n i=1 a i = r a 1 a 2 a n ∈ 0 be the set of partitions of r into at most n parts. Define + i n r = a 1 a 2 a n ∈ + n r a 1 a n−i = 0 and ± n r = a 1 a 2 a n a 1 a n−1 a n ∈ + n r . By convention + n r = ∅ if r < 0. As in [20] , a dominant weight m i=1 a i i ∈ + X m int is identified with a partition a 1 a 2 a m . 
By factoring out 0 (note that 0 too is sent to zero in types B, C, and D), we obtain a surjection ∈ X n r a 0 ∈ 0 deg + na 0 = r , where 0 is the set of non-negative rational numbers.
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Corollary 3.6. The weight sets which describe the Schur algebras of classical similitudes are:
Under the assumption on K, the coalgebras K G 0 r and K G 0 r are integral (see Oehms [21] for the symplectic bideterminant basis over , and Doty and Hu [12] for the orthogonal bideterminant basis over 1 2 ). Hence the Schur algebra S X n r is integral by Corollary 3.2. In particular, the dimension of S X n r is independent of the field K. Corollary 3.7. The dimension of the Schur algebra S X n r is ∈ X n r d 2 , which equals
Let and be two dominant weights of G or G 0 . We say is dominance bigger than , denoted by 
Generalized Schur Algebras
Generalized Schur algebras were introduced by Donkin [7] . Let H be a reductive algebraic group over K, and + H the set of dominant weights of H. The coordinate ring K H has a natural left H-module structure given by g · c h = c hg , for g h ∈ H, and c ∈ K H . Given a finite saturated subset of + H , a rational KH-module V belongs to if every composition factor of V has highest weight in . Let O K H be the biggest KH-submodule of K H which belongs to . This is a finite dimensional coalgebra. The generalized Schur algebra associated to is by definition the linear dual of O K H , denoted by S . Recall that d denotes the dimension of the Weyl module of H with highest weight . Write rmod KH for the category of rational KH-modules.
Proposition 3.9 (Donkin [7]). Let be a finite saturated subset of + H . Then the following hold: (1) The generalized Schur algebra S is finite dimensional with dimS
= ∈ d 2 .
(2) The module category mod S is an extension-closed full subcategory of rmod KH , consisting of those H-modules which belong to .
The following lemma follows from (1.2e) and (1.2g) of [13] . Proof. Fix a type X m as required and an integer r ≥ 1. Write for X n r in the proof. We will show that K G 0 r and O K G coincide as subcoalgebras of K G . Consequently, their linear dual, the Schur algebra S X n r , and the generalized Schur algebra S are isomorphic as algebras. Similar arguments work for G 0 . By Corollary 3.7 and Proposition 3.9, the two algebras have the same dimension, and so do the two coalgebras. Thus it suffices to show that K G 0 r is contained in O K G as a subcoalgebra. By definition, O K G is the sum of all KG-submodules of K G belonging to . Since = X n r is saturated, it is the set of highest weights of simple composition factors of E ⊗r over G. That means E ⊗r belongs to as a KG-module. By Lemma 3.10, the coefficient space K G 
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E ⊗r also belongs to . Hence K G 0 r is contained in O K G . Since the coalgebra structure of both coalgebras comes from that of K G , the inclusion preserves their coalgebra structure.
Remark 3.12. When r = 0, X n 0 = 0 = X 0 n 0 is always saturated, and the Schur algebra S X n 0 = K is a generalized Schur algebra in any type. When r ≥ 1, the weight sets B n r and B 0 n r of type B m m ≥ 2 are not saturated by Lemma 3.8. By comparing the dimension of the Schur algebra S B n r and a generalized Schur algebra, it is clear that S B n r has no chance to be a generalized Schur algebra over SO n or SO 0 n .
In type A the result is actually due to Green [14] . Donkin defined generalized Schur algebras in such a way that Schur algebras of type A provided important examples. Donkin proved the statement for Schur algebras of type C in [8] in a different way. Recently Doty and Hu [12] provided a different proof of the result in type D.
We say an algebra is indecomposable if it cannot be expressed as a direct sum of two proper subalgebras. Notice that + X m int = r≥0 X n r . In type A, we have X n r ⊆ X n r + n and dominant weights of different degrees are not comparable with respect to the dominance order. In types C and D, we have X n r ⊆ X n r + 2 and dominant weights of even degrees are not comparable with those of odd degrees. Therefore, in types A, C, and D, a finite saturated subset ⊆ + X m int such that S is indecomposable must be contained in some X n r . So S is a quotient of S X n r , which is isomorphic to S X n r by Theorem 3.11.
However the proof is not valid for G 0 . Since there are more dominant weights in + 0 X m int than r≥0 X 0 n r , there exists ⊆ + 0 X m int which cannot be contained in any X n r .
SCHUR ALGEBRAS AND HYPERALGEBRAS
In §4.1 we construct inverse systems from Schur algebras of a fixed type by using the coalgebra approach. In §4.2 we prove that the corresponding hyperalgebra is contained in the inverse limit integrally as a subalgebra, see Theorem 4.8. In §4.3 we discuss the quasi-heredity of Schur algebras.
Construction of Inverse Systems
Let us fix a classical type X m and the corresponding group of similitudes G 0 . Take a 1-dimensional polynomial representation of G 0 with representation map 
(2) By 1 , multiplying f 0 induces a coalgebra map from K c ij r to K c ij r+r 0 . This map is injective because there is no zero divisor in the polynomial ring. Note that the product of f 0 and I G 
. That is, the polynomial c belongs to
By taking the linear dual one obtains a surjection between Schur algebras ·f 0 * S X n r + r 0 −→ S X n r (due to Corollary 3.2). The surjection gives rise to the inverse system of Schur algebras as follows.
Proposition 4.2.
(1) For each r = 0 1 r 0 − 1, S X n r + r 0 k k ≥ 0 is an inverse system. We write lim ← − k≥0 S X n r + r 0 k for the inverse limit. (2) The surjection ·f 0 * induces a full embedding of the category M X n r mod S X n r into the category M X n r + r 0 mod S X n r + r 0 , which sends V in M X n r to V K K . We denote this functor by ·f 0 * too.
Proof.
(1) For 0 ≤ r ≤ r 0 − 1, whenever 0 ≤ k 1 ≤ k 2 there exists a surjection S X n r + r 0 k 2 −→ S X n r + r 0 k 1 by a k 2 − k 1 -fold composition of ·f 0 * . Hence S X n r + r 0 k k ≥ 0 is an inverse system indexed by non-negative integers with respect to the natural order.
(2) As an algebra surjection, ·f 0 * naturally induces a full embedding between their module categories (in the opposite direction). Take any V in M X n r with K-basis v i and coefficient functions r ij ∈ K G 0 r , so that s · v j = i r ij s v i for any s ∈ S X n r . Then ·f 0 * V , the image of V in M X n r + r 0 , has the same K-basis v i as V and coefficient functions
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We have two examples for the above procedure. Firstly, consider the representation of G 0 sending a group element to its determinant. This is a n-homogeneous polynomial representation with coefficient function det = ∈ n sgn n i=1 c i i and highest weight 0 = 1 + 2 + · · · + n . We have surjections ·det * S X n r + n −→ S X n r for r ≥ 0. On the dominant weight level, adding 0 provides an injection from X 0 n r to X 0 n r + n . For 0 ≤ r ≤ n − 1, the set of Schur algebras S X n r + nk k ≥ 0 forms an inverse system. In types B, C, and D, consider the representation of G 0 sending a group element g to c 0 g , where c 0 is the polynomial of degree 2 defined in §2. This is a 2-homogeneous polynomial representation with coefficient function c 0 and highest weight 0 = 1 + n . We have surjections ·c 0 * S X n r + 2 −→ S X n r for r ≥ 0. And adding 0 provides an injection from X 0 n r to X 0 n r + 2 . The set S X n r + 2k k ≥ 0 forms an inverse system for r = 0 and r = 1. Proof. We prove the case of Weyl modules when f 0 = det, r 0 = n, and = 0 . The other cases follows by similar arguments. By [6] , any tensor product of Weyl modules of G 0 has a filtration with sections being Weyl modules. Now K 
We set IL A m = n−1 i=0 lim ← − k≥0 S A n i + kn , IL B m = lim ← − k≥0 S B n i + kn (for any i), and IL X m = 1 r=0 lim ← − k≥0 S X n i + 2k in types C m and D m . Since the injections ·det and ·c 0 between coalgebras are defined integrally, the inverse systems and inverse limits of Schur algebras are also defined integrally.
Recovering Hyperalgebras from Schur Algebras
We refer to [18] for the definition of hyperalgebra, where it is called the algebra of distributions. Take an algebraic group H over K. Let be the argumentation ideal of the coordinate ring K H as a Hopf algebra. Namely consists of the LIU rational functions on H which annihilate the unit of H. The hyperalgebra hy H is by definition the union k≥0 K H / k+1 * . This is a subalgebra of K H * consisting of functions on K H which kill k+1 for some k ≥ 0. When K = , the hyperalgebra coincides with the universal enveloping algebra of the Lie algebra of H. Let V be a rational KH-module with representation map KH −→ End K V . Let v i be a basis of V and r ij the coefficient functions so that h · v j = i r ij h v i for h ∈ H. By §2.4, the right K H -comodule on V is given by * V −→ V ⊗ cf V → V ⊗ K H and * v j = i v i ⊗ r ij . By §7.11 in [18] , an element u of hy H acts on V by composing
In this way V becomes an hy H -module. Write˜ hy H −→ End K V for the representation map. We have that˜ u v j = i u r ij v i . Proof. The proof is similar to Lemma 2.6. Note that the representation map˜ factors through cf V * . That is, there exists an algebra map hy H −→ cf V * such that˜ = , where cf V * −→ End K V is the structure map of V as a faithful cf V * -module. In fact, any u ∈ hy H ⊂ K H * is a linear function on K H , and hence a linear function on cf V . And this defines the map . Now it suffices to show the surjectivity of . Equivalently, for any c ∈ cf V , if u c = 0 for all u ∈ hy H , then c = 0. If c does not belong to and is nonzero, then the counit of the Hopf algebra K H acts on c nontrivially. If c ∈ and is nonzero, say c ∈ k \ k+1 for some k ≥ 1, then there exists an element in K H / k+1 * acting on c nontrivially.
When considering the classical group G and the polynomial representation E ⊗r (r ≥ 1), we have representation maps r KG −→ End K E ⊗r and˜ r hy G −→ End K E ⊗r . By Lemma 4.5,˜ r factors through the Schur algebra S X n r = Im r . The next lemma shows that the surjections ·det * and ·c 0 * between Schur algebra, constructed in the previous subsection, are compatible with r and˜ r . Proof. For the first diagram, one has to show that r g and ·det * r+n g are equal in S X n r for any g ∈ G. That is, they have the same evaluation on the coalgebra K G By the universal property of inverse limit, there exists an algebra homomorphism from the hyperalgebra hy G to the inverse limit IL X m of Schur algebras. Write for this map. Proof. First we will show that the representation r≥0 E ⊗r over hy G is faithful. The coefficient space of r≥0 E ⊗r over G is K G . By definition the hyperalgebra hy G is contained in the dual of K G . So for any nonzero element u in hy G , there exist some c in K G such that c u = 0. This means that the kernel of the representation map hy G −→ End K r≥0 E ⊗r is trivial. Namely r≥0 E ⊗r is faithful over hy G .
Notice that hy G sends E ⊗r to E ⊗r . Therefore, for any nonzero element u in hy G , there exists a non-negative integer N such that u acts nontrivially on E ⊗N . Namely the representation map˜ N hy G −→ End K E ⊗N sends u to a nonzero element in S X n N . Note that in type B, the integer N can always be chosen to be even. This implies that sends u to a nonzero element in IL X m , i.e., hy G −→ IL X m is injective.
In the quantum case, this embedding was developed by Beilinson et al. [1] in type A and was conjectured by Oehms [21] in type C. Recently Doty [11] studied the inverse system of generalized Schur algebras of linear algebraic groups and recovered the corresponding quantized enveloping algebra.
Quasi-Heredity of Schur Algebras
Integral quasi-hereditary algebras were introduced in [2, 3] , see also [19] . Let S be a finite dimensional quasi-hereditary algebra over K, and the index set of isomorphism classes of simple S-modules. Suppose = 1 2 m with the partial order > satisfying that i > j implies i < j. S is actually a direct sum of copies of the standard module i . The heredity chain shows that S has a filtration of standard modules, and that Ext 1 i j = 0 implies i > j. Moreover, the algebra S is called integral quasihereditary if it is integrally defined and if the heredity chain is integrally defined as well.
Recall that Theorem 3.11 shows Schur algebras of types A, C, and D are generalized Schur algebras. Since generalized Schur algebras are integral quasihereditary by [7, 9] , we have the following. The standard module of S X n r , for ∈ X n r (and X 0 n r ), is the Weyl module W for G (and G 0 , respectively). Proof. We only prove the statement for the surjection ·det * S X n r + n −→ S X n r . The proof for ·c 0 * is similar. As a rational KG-module, also as its own regular module, S X n r has composition factors belonging to X n r . By the first commutative diagram in Lemma 4.6, S X n r is a quotient KG-module of S X n r + n belonging to X n r . We view the module category mod S X n r as a full subcategory of the category of rational representations of G. By Proposition 4.2 2 , ·det * induces a full embedding of mod S X n r into mod S X n r + n . The one-dimensional representation K det is the trivial representation over G. Hence by Lemma 4.3, ·det * sends the standard module of S X n r , for ∈ X n r , to the standard module of S X n r + n . Moreover, it sends the regular module S X n r ∈ mod S X n r to S X n r ∈ mod S X n r + n , which has a filtration of the standard modules for ∈ X n r . Note that the index set X n r is a saturated subset of X n r + n . For S = S X n r + n for short, write e for the sum of the e 's with running through X n r + n \ X n r . By the hereditary structure of S, the ideal SeS generated by e lies in the kernel of ·det * S −→ S X n r . Note that when K = , the Schur algebras are semisimple [20, Corollary 4.3] , and each section of the hereditary chain is just ⊕d , where d = dim . So dim S/SeS = ∈ X n r d 2 . Since Schur algebras are integral quasi-hereditary, dim K S/SeS is independent of the field K, and it equals dim K S X n r by Corollary 3.7. Therefore, Ker ·det * = SeS, which is an ideal in the heredity chain of S.
For dominant weights and of G 0 , let be the multiplicity of the simple module L in the Weyl module W of G 0 . We have the following analogue of
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James' column removal theorem [17] , and an even stronger version in types C, D.
Recall that 0 = 1 + 2 + · · · + n , and 0 = 1 + n . 
Proof. The multiplicity of L in W over G 0 equals the multiplicity of L in over S X n r . By Proposition 4.10, the full embedding of categories ·det * M X n r −→ M X n r + n and ·c 0 * M X n r −→ M X n r + 2 preserve the multiplicity.
We would like to mention that this is a special case of Corollary 2 in [5, p. 232] , where Donkin considers all reductive algebraic groups.
CALCULATION AND COMPARISON OF SOME SCHUR ALGEBRAS
Here we calculate the Schur algebras of SO 2 and O 2 , and compare the Schur algebras of SP 2 and SO 3 with those of SL 2 . Recall that the base field K is algebraically closed of characteristic not 2. These examples generalize those in [20] where K = . r (Green's notation in [14] ). It is a subalgebra of S A 2 r isomorphic to K ⊕ r+1 .
Example. The classical group of type B 1 is the algebraic group SO 3 . We will show that the Schur algebra S B 3 r is isomorphic to S A 2 2r when r ≥ 2. By [20] , the two algebras are isomorphic over and hence have the same dimension. So it suffices to construct a surjective coalgebra map between their linear dual K SO Let us define Schur algebras for the orthogonal group O n = M ∈ n K M tr JM = J = MJM tr , where J is any symmetric invertible matrix and n ≥ 2. The special orthogonal group SO n is the subgroup of O n with determinant 1. The group of orthogonal similitudes is O 0 n = M ∈ n K M tr JM = sJ = MJM tr 0 = s ∈ K . As subgroups of GL n , the algebraic groups O n and O 0 n act on E and on the tensor space E ⊗r (r ≥ 1). The corresponding Schur algebra, denoted by S o n r , is defined to be the image of the representation map KO n −→ End K E ⊗r , which equals the image of KO 
